ON A GENERAL CLASS OF SERIES OF THE FORM > c.g(x + n)*

BY

R. D. CARMICHAEL

INTRODUCTION

In several important investigations, beginning with two memoirst by
Poincaré in 1885 and 1886 respectively, functions have arisen which are
analytic in a sector of the complex plane and in that sector have a determinate
asymptotic character (in the sense of the definition of Poincaré). In these
investigations it has been usual to represent the asymptotic character of such a
function by means of a divergent power series and to find in addition a con-
vergent expansion which puts in evidence the analytic character of the func-
tion in the sector. Often this convergent expansion is complicated in char-
acter.

Obviously, it is desirable, if possible, to have a convergent expansion which
accomplishes the latter object and at the same time readily shows the asymp-
totic character of the function. Recently Nérlundi has shown that func-
tions which are characterized by being analytic in a half-plane and having an
asymptotic character of a certain broad type are expansible in convergent
factorial series and that these series do in fact readily show the asymptotic
character of the functions represented by them. He has thus made manifest
the fundamental importance of this class of series in investigating the proper-
ties of a function in the neighborhood of a singularity of a certain type.

Some months ago I observed that the factorial series is but an instance of a
large class§ of series of simple properties and suitable for the representation
of functions which are defined throughout a half-plane and have certain
types of singularities at infinity. These series are of the form

* Presented to the Society (at Columbus), December 31, 1915.

tAmerican Journal of Mathematics, vol. 7 (1885), pp. 203-258; Acta
Mathematica, vol. 8 (1886), pp. 205-344. Particular instances of such functions ap-
peared earlier, notably in the work of Stirling and Cauchy (see Borel’s Séries divergentes, p. 30).

tActa Mathematica, vol. 37 (1914), pp. 327-387. Two other valuable contri-
butions leading in the same general direction should be mentioned, namely, a paper by Horn
in Mathematische Annalen, vol. 71 (1912), pp. 510-532 and one by Watson in
Rendiconti del Circolo Matematico di Palermo, vol. 34-(1912),
pp. 41-88.

§In § 6 it is seen incidentally that the power series is also essentially contained in this
class.

Trans. Am. Math. Soc. 14 207



208 R. D. CARMICHAEL: [July

= o g(xz+n)
2(2) = B

)

where g () is a given function of z and the coefficients ¢, are independent
of x. With these series I associate others of the form

Q(x) =gcng(x+n).

More precise definitions are given at the beginning of § 1. As will be seen
from these definitions, the fundamental characteristic of g () is its asymptotic
behavior. A detailed study of the more important series included in these
classes and especially of their suitability for the representation of certain
types of functions is desirable and will doubtless have important consequences
in the development of the theory of functions. Results of this character I
expect to communicate to the Society in later contributions. From these
latter the important connection of the series € (z) with the function-theoretic
considerations mentioned in the first two paragraphs of this introduction will
become apparent. In the present memoir I lay the foundations of the general
theory of these series. Among the results obtained there is a set which
corresponds closely, in point of completeness, to those contained in Landau’s
valuable memoir* on the foundations of the theory of factorial series. In
the derivation of these results I have found Landau’s methods of constant
value and have employed them freely.

After a definition in § 1 of the classes Q(z) and Q(z) of series in con-
sideration I proceed in §§ 2—4 to the complete determination of the character
of the regions of convergence and absolute convergence of the series and to a
consideration of the character of their convergence in respect to uniformity.
Certain auxiliary series (of the nature of generalized Dirichlet series) are
introduced in § 5 and their properties are developed so far as they are needed
for the determination in § 6 of the precise regions of convergence and absolute
convergence of a particular series @ () or @ (z) in terms of its coefficients ¢, .
In § 7 further relations between the series 2 (z) and the auxiliary generalized
Dirichlet series are developed and are then employed in showing the existence,
in certain cases, of singularities of functions defined by the series Q(z).
In § 8 I observe that a function can sometimes be expanded in a series Q ()
or a series 2(z) dependent on a given function g (z), in more than one way
and indeed even in an unlimited number of ways; but if a certain broad addi-

*Sitzungsberichteder mathematisch-physikalischen Klasse
der koniglichen Bayerischen Akademie der Wissenschaften
zu Minchen, vol. 36 (1906): 151-218. This paper is valuable both for its elegant exposi-
tion of the theory of factorial series and for its new methods and results and for the historical
remarks contained in it.
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tional condition is placed on the function g () it is shown that the expansion
of a function in the series Q(z) or in the series () can be effected in no
more than one way.

1. DEFINITIONS AND GENERAL NOTIONS

Let g(x) be a single-valued analytic function of the complex variable z
having the asymptotic character

2 P@) 0D v, Q@ ,
(1) g(x) ~a"e (1+x+x2+ )

valid for = approaching infinity in a positive sense along any line whatever
parallel to the axis of reals, the functions P (x) and @ («) being polynomials
which we write in the form

P(z)=po+mz+pa®+ - +ua® (m+0if £>0),
Q(z) =+ a1+ aa®+ - +oma™ (am +0if m>0).

In case k = 0 we assume that m is greater than unity in order to avoid cases
which are unimportant so far as our present objects are concerned.* By 7t
we mean ¢’ " where the principal determination of log r is taken.

The asymptotic relation (1) is to be understood as an abbreviation for the
infinite sequence of limits

2) limx’{g(x)x"’(’”’e‘q")—(l+%+-~+%)}=0

(s=0,1,2,---),

the limit being taken for « approaching infinity in a positive sense along any
line whatever parallel to the axis of reals.t

By means of any function g (z) possessing the properties just indicated we
introduce the series @ () defined by the relation

® 2(2) = Seng(z+n)

where the coefficients co, ¢1, ¢z, -+ - are independent of z. For the appli-
cations it will often be convenient to consider the series @ () which we write
in the form

* The case excluded not only is unimportant for our purposes but it also requires a different
method of treatment.

t The reader, in the course of perusing the paper, will readily observe that a weaker re-
striction than that indicated by the infinite set of limits (2) will suffice for the derivation of
many of the results. In particular, throughout §§ 2—4 (in which the character of the regions
of convergence and absolute convergence of @ (z) is determined) the limits for s = 0 and
s = 1 will suffice; and that for s = 0 alone will suffice unless simultaneously ¥ = 1 and m = 0
orl.
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Q(W) ZC g(x+n)'

@ YD) =) =& ()

A value of « for which any one of the functions g (2), g(z + 1), g(x + 2),

- lg(z+1)/g9(x), g(x +2)/g(x), ---] bas a singularity will be called
an exceptional value or an exceptional point for the series @ (z)[2(xz)]. Other
values of x will be called non-exceptional. In order to avoid cases without
value for our purposes we shall assume that g () is of such character that
there is a (two-dimensional) region in the z-plane containing no exceptional
points for the series. B

That a large and important class of series @(x) and Q(a) exist in ac-
cordance with the foregoing definition is readily apparent from the following
considerations.

In the first place there exists an extensive and easily accessible class of
functions g (z). In particular, such functions are introduced to our notice
by the linear homogeneous differential equation

dn dn—l
d"+Pld"_1+ +Pny=0,

Py

in which the coefficients Py, Py, ---, P, are polynomials in 2 subject to the
condition that their degrees do not constantly decrease as one passes in order
from the first to the last polynomial in the sequence. Poincaré* has in fact
shown that a solution y () of such an equation is asymptotic to an expression
of the form of the second member of (1) when the polynomial P () is taken
to be a constant and x approaches infinity in an appropriate direction. Hence
a constant ¢ exists such that y (¢z) is a function having the property specified
above for g ().

A still more effective (because simpler) class of functions g () is afforded
by linear homogeneous difference equations whose coefficients have at infinity
the character of rational functions and whose associated characteristic alge-
braic equation has its roots different from each other and from zero. Such
an equation has a fundamental set of solutionst each function of which is
of the character specified above for g (z), the polynomials P (z) and Q ()
in this case being of the first degree. The series @ (z) has been treated in
detail (see Landau, 1. c.) for the two special valuest g(z) = I'(x) and
g(z) = 1/I' (z) belonging to this sub-class. The latter value of g (z) gives
rise to the simple factorial series

*Acta Mathematica, vol. 8 (1886), pp. 205-344.

t Birkhoff, these Transactions, vol. 12 (1911): 242-284. See also an earlier paper
of mine in the same volume.

1 For the first case mentioned a simple transformation is necessary in order to throw the
series € () into the form treated by Landau.



1916] A GENERAL CLASS OF SERIES 211

— X Cnt1
Q(x) =c°+,§x(x+l)'f- (x+n)’

the impcrtance of which has already been indicated in the introduction.*

Among the important special types of series of the class € (z) introduced
by means of difference equations is the important generalization of factorial
series afforded by the series

(5) ﬁ(z)=co+§cn+1A(:c)A(x+1)~-A(x+n),

where A (z) is any rational function of « having a zero value for z = .
It arises through taking for g (x) an appropriate solution (in fact, the so-
called first principal solution) of the equation f(xz 4+ 1) = 4 (z)f(x); for
from this equation we have readily

fle+n+1)=A(x+n)d(x+n—-1) --- A(x+1)A(z)f(x).

In determining the character of the region of convergence of € () (and
consequently of (z)) we have need for two lemmast which it is convenient
to state here as follows:

Lemma I. Let uy + uz + us + --- be a convergent series and let vy, vs,
v3, - - - be an infinite sequence of numbers such that the series

)
Z 'vn - vn+1|
n=1

ts convergent. Then the series

Uy v+ U2 V2 + U V3 + - -
18 convergent.

LemMA II. Let uy + us + us + --- be a convergent series of constant
terms and let vy, vz, v3, --- be an infinite sequence of functions of the complex
variable x analytic in a given closed domain D and such that the series

0
Z Ivn - vn+ll

n=1"

converges uniformly in D. Then the series

Uy 0y + U V2 + U3V F -

converges uniformly in D .

* The definitions of the series @ (z) and @ (z) might be extended to the case in which the
geries in (1) proceeds in certain descending fractional powers of . The resulting series are
amenable to the general methods of this paper. Again, suitable functions g (z) for these
series are readily afforded by the solutions of linear differential and difference equations.

t These lemmas have been employed by several writers. The reader will conveniently
find proofs of them (in a generalized form) in thé Bulletin of the American
Mathematical Society, vol. 20, pp. 225-233. Historical remarks concerning
their previous use will be found in Landau’s memoir (already cited).
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2. CHARACTER OF THE REGION OF CONVERGENCE

Suppose that the series @ (x) converges for a given value z, of  which is
non-exceptional for @ (2). We shall find conditions on a value 2, of z which
are sufficient to ensure that @ () converges for ¢ = x,, «; itself being a non-
exceptional value for @ (z). For this purpose we may employ Lemma I,
taking
o =7 (21 +mn)

" (2o +n)’

here the integer [ is chosen so that g(29 +n) + 0 if n = 1. Then Q(2:)
will converge* provided the series

n=l;

Un = Co g (X0 +m),

(6) 2 o0 = s
is convergent.

For determining when the series (6) converges we make use of the asymp-
totic character of v, with respect to n. To obtain a formula for this it is con-
venient to write first the formula for the asymptotic character of g (z + n)
with respect to n when z is held fixed. We have

(7) g (x + n) ~ Pn(®)10g n+ga(z) Sn ( 1 )

where s, (a) denotes a series in non-negative integral powers of 1/n with
constant term « and p, (2) and ¢, (z) are quantities which may be written
in the form

Pa(Z) = von + vin @ + vou 2% + -+« + vpy ¥,
(8) qn(x)=ﬂ0n+ﬁlnx+62nx2+"'+ﬁmnxm
+71nx+72nx2+ tee +'Yknxk.

Here the quantities », 8, v have the values

et
Ven = (8)”"”‘1—8’ 3=O,1,...,k;

From (7) it follows that
(10) Uy ~ elosn- {Pn(@)—Pn(%0)} + {In(Z1)—qa(z0)} 8 ( 1 ) .

* We employ the statement Q (1) converges as an abbreviation for the statement the series
Q (z) converges for the value z, of x.
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By means of this relation we determine conditions under which series (6)
is convergent. We see that p, (21) — pn(20) is a polynomial in n of degree
k — 1 and that g, (21) — ¢a (20) is a polynomial in » and that its degree is
m — 1 1in case m is greater than k. (In case k ot m is zero the corresponding
difference function is zero.) There is obviously a separation of cases ac-
cording as k is or is not less than m.

Suppose first that ¥ = m. Then it is clear that the dominating term in
the exponent of the second member of (10), when this exponent is expressed
as a polynomial in n and log =, is

Fur (21 — 20)n*1log n.

Then it is easy to see that series (6) converges if Rf{uy(z1 — x9)}* is less
than zero, since clearly it is dominated term by term by a convergent series.
This is obvious in case k > 1. If k = 1 we have

Vp ~ pH1(E1—Z0) (to + t_l + .- ) R
n

where ¢y, t;, - - - are determinate constants. Then

Vp — Vng1 ™~ n“l(rl—IO)—l(toﬂl(xo —21) +%+ .. .),

where £ is a determinate constant. From this it follows in this case also that
series (6) converges if R{ux (21 — 2)} is negative.

/Next suppose that £ < m. Then m = 2, since by hypothesis m > 1 if
k = 0. The dominating term in the exponent in the second member of (10),
when this exponent is expressed as a polynomial in # and log =, is

Mo (1 — Xo) W™ L.

Hence, in this case series (6) converges when R{am (1 — o)} is negative.

From Lemma I it follows that the convergence of (6) is sufficient to ensure
the convergence of Q(x;). Hence we are led to the following theorem:

TaEOREM 1. Let 2 and x; be two values of x which are non-exceptional for
the series Q (x) and suppose that Q (xo) converges. Then

(1) in case k = m, Q(x1) converges if R (pr 1) < R (uz %0);

(2) ncase k < m, Q(x1) converges if R (am 1) < R (om 20).

By the region C of convergence of the series @ (x) we shall mean a region
such that Q (z) converges for every non-exceptional value of 2 in the interior
of C and diverges for every non-exceptional value of x exterior to C. We
shall likewise call C' the region of convergence of the series @ (z) since ob-

* The symbol R (z) is used to denote the real part of z.
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viously @ () and Q(z) both converge or both diverge for a given non-ex-
ceptional value of « for which g () is finite and different from zero.

By means of the foregoing theorem it is easy to determine the nature of
the region of convergence of @ (z). Through examples it may be shown
in the first place that particular series Q(x) exist which diverge for every
non-exceptional value of # and that there are other particular series ()
which converge for every non-exceptional value of . In fact such examples
are readily afforded by the theory of factorial series. We shall assume for
the moment that we are dealing with a series @ (z) which belongs neither to
the class of everywhere convergent series nor to the class of everywhere di-
vergent series. Let o denote o, or u: according as m is or is not greater
than k. Consider the real numbers R (ox) for varying values of  which are
non-exceptional for @ (z) and divide them into two classes 4 and B according
as z is a point of convergepce or a point of divergence for Q(z). From
Theorem I it follows that no B is less than any 4. Then it is clear that a
number \ exists such that Q (x) converges [diverges] for every non-exceptional
value of zsuch that R (6x) <X[R (oxz) >\]. Suchanumber X weshall calla
convergence number for @ (2). It may conveniently be said that — o[ 4 o ]
is a convergence number for Q(z) when @(z) diverges [converges] for all
non-exceptional values of .

It is clear that a series Q(z) has a unique convergence number X\ if the
non-exceptional values of z are such that the numbers R (oz) form a dense
set on the whole of the axis of reals from — «© to + «; and this in fact is
the case in the applications of the theory which we shall have occasion to
make. When there is but one convergence number A we shall call it tke
convergence number for Q(z). If there is more than one convergence
number A\ then for the convergence number for @ (z) we shall take the least
convergence number or the greatest lower bound to the convergence numbers
in case a least one does not exist.

If \ is the convergence number for @ (2), then the equation R(oz) =\
represents a straigbt line which is clearly the boundary of the region of con-
vergence of @ (), this region being that for which R (ez) < \.

The results just derived may be stated in the following theorem:

TrEOREM II. If 0 denotes a, or uy according as m s or 18 not greater than k,
then there exists a unique real number N such that the region of convergence of the
series Q@ () [Q(z)] is bounded by the straight line R (ox) = \ and lies on that
side of this line for which R (ex) < \.

For particular functions g (z) the series @ (2) may converge everywhere
on the boundary line [ of its region of convergence, or it may converge nowhere
on [, or it may converge at some points on ! and diverge at others, as one
may see readily from the special case of factorial series; and these possibilities
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may severally be realized through the character of the coefficients ¢,. But
there are certain general classes of cases in which the question as to con-
vergence on [ is answered (except for a finite number of points) by the char-
acter of the function g () itself. For the discussion of these it is convenient
to distinguish four cases.

Suppose first that & is greater than either 1 or m, or that £k = m > 1 and
ur and oy lie on the same straight line through the point zero in the complex
plane. Let us consider the question of convergence of series (6) when

R(ur 1) = R (ur20) .

This depends on the asymptotic character of v, as given in (10). It is easy
to see that (6) converges provided that

R{Zhkur (2} — af) + pi—1 (21 — 20)} < 0.

By an argument similar to that by which Theorem II was proved it may now
be shown that if Q@ (x) converges for any non-exceptional value 2o of x on
the line ! then there exists a unique real number \; such that Q(z;) con-
verges if R; < A1 and diverges if R; > A1, R, being defined by the relation

Ry = R{3kui 2} + ps—1 1}

and z; being a non-exceptional value of . In this case the only non-excep-
tional points z; at which the question of convergence of @ () is unanswered
are those for which we have simultaneously R; =\, and R (ux 1) = \;
and clearly these are at most two in number.

If . =m > 1 and u: and ax do not lie on the same straight line through
the point 0 in the complex plane it may be shown in a similar manner that
it @(x) converges for a non-exceptional value zo on the line I then a unique
real number \; exists such that Q(«;), where x; is non-exceptional, con-
verges or diverges according as R{x;(ux + ox)} is less than A; or greater
than \;. In this case the only non-exceptional point z; at which the question
of convergence of Q () is unanswered is that for which we have simultaneously

R(uray) =X, Rixi(ue + ax)}= M.

We suppose next that m = k + 1 and that u; and ax41 do not lie on the
same straight line through the point O of the complex plane. Then £ =1
since m > 1if £ = 0. Proceeding as before we find that if @ (x) converges
for a non-exceptional value o on the line [ then a unique real number A, exists
such that Q (z,), where 2, is non-exceptional, converges or diverges according
as R (ur x1) is less than A; or is greater than A;. In this case the only non-
exceptional point 2; at which the question of convergence of Q(z;) is un-
answered is that for which we have simultaneously
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R(arpia1) =N, R(uea1) = A1

Finally, suppose that m > k 4+ 1, or that m = k + 1 and ux and ay4q lie
on the same straight line through the point 0 of the complex plane. In this
case we find that if Q () converges for a non-exceptional value z, of « on the
line / then a unique real number A; exists such that @ (z;) converges if R; < A\,
and diverges if R, > N1, R; being defined by the relation

Ry, = R(iman 2} + om—1 1)

and z; being a non-exceptional value of #. In this case the only non-excep-
tional points z; at which the question of convergence of @ () is unanswered
are those for which we have simultaneously

R1=)\1, R(amx1)=>\.

It is obvious that certain other cases, exceptional in character, may be
similarly treated by the general method employed in the four preceding
paragraphs.

3. UNIFORM CONVERGENCE

Turning now to the question of uniform convergence, we shall prove the
following theorem: B

THEOREM III. The series Q(x)[Q(x)] converges uniformly in any closed
domain D which lies within the region of convergence of Q () [Q(z)] and con-
tains no points which are exceptional for this sertes or are limit points of points
which are exceptional for the series.

It is sufficient to prove the theorem for the case of the series Q (z); for the
other series may obviously be treated in a similar manner.

From the character of D as specified in the theorem it is clear that a non-
exceptional point x, exists such that Q(x,) converges and R (ox) is less
than R (o21) for every value of z; lying in D, o being used as before for oy,
or uj according as m is or is not greater than £. From Lemma II it follows
that for the proof of Theorem III it is sufficient to show that series (6) con-
verges uniformly for z; in D and «, fixed as just indicated. For the proof of
the latter we employ relation (10), which is valid for every value of z; in D.
By its aid one may construct, in an obvious manner, a series of positive con-
stant terms which is term by term greater than series (6) for every z; in D;
whence, through use of a theorem of Weierstrass, it follows that (6), and
hence @ (1), is uniformly convergent in D.

As an immediate consequence of Theorem III we see that the sum of the
series Q(x)[Q ()} s a function S (z) of ® which is analytic at every mon-
exceptional point which is in the interior of its region of convergence and is not a
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limit point of exceptional points, and the derivatives of S (x) at every such point
may be found by differentiating the series Q (x)[Q ()] term by term.

4. CHARACTER OF THE REGION OF ABSOLUTE CONVERGENCE

In order to determine the character of the region of absolute convergence
of @ () let us consider a non-exceptional point 2o for which € (z,) converges
absolutely. Then it is obvious that Q (z;) will converge absolutely provided
that z; is non-exceptional for 2 (z) and |v,| is bounded, v, being defined as
before in terms of z; and #p. Again we have the asymptotic relation (10).
From this it follows readily that |v,| is bounded provided that

R(oz1) < R(oay).

Hence we have the following theorem:

Tuaeorem IV. Let o denote o, or ux, according as m is or 18 not greater than k.
Let o and z, be two non-exceptional values of x for the series Q@ (x) and suppose
that Q (x9) converges absolutely. Then Q (x1) will converge absolutely +f

R(ox1) < R(ox).

By the region T of absolute convergence of the series Q (x) we shall mean a
region such that Q(x) converges absolutely for every non-exceptional value
of 2 in the interior of I" and fails to converge absolutely for each non-excep-
tional value of x exterior to I'.  We shall also call I' the region of absolute
convergence for the series Q (z), since obviously 2 () and Q(x) both con-
verge absolutely or both fail to converge absolutely for a given non-exceptional
value of z for which g () is finite and different from 0.

The nature of this region I' may readily be determined by means of The-
orem IV. In fact, a discussion similar to that which leads up to Theorem II
now yields the following result:

THEOREM V. If o denotes a, or uy according as m is or 13 not greater than k,
then there exists a unique real number u such that the region of absolute con-
vergence of the series Q(x) [Q(x)] s bounded by the straight line R (ozx) = u
and lies on that side of this line for which R (ox) < .

In certain general classes of cases the question concerning the absolute
convergence of 2 (z) on the boundary line ! of absolute convergence (except
at a finite number of points) depends on the character of g(z). A treat-
ment of this matter similar to that following Theorem II for the case of the
boundary line of convergence of 2 (x) yields a set of conclusions precisely
similar to those obtained for the latter problem.
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5. PROPERTIES OF A CERTAIN CLASS OF AUXILIARY SERIES

In view of the asymptotic form of g (x + n) with respect to n when . is
held fixed, as given in relation (7), it is natural to introduce* in connection
with Q (z) the generalized{ Dirichlet series

(11) D(z) = Z €, NPT AT Azt
n=1

where the functions \j, of n, for j = 1, 2, ---, ¢, have the following proper-
ties:

(1) one at least of the functions \j, approaches infinity as n increases
indefinitely;

(2) the limit lim arg \;, exists for every j and.is finite;

R=00

(3) in case t is greater than unity, one of the functions \;,, say As, (where s
is fixed), dominates all the others in such wise that

jn

lim &= =0, j*s;
(4) in case more than one function of the set N\;,, 7 =1, 2, ---, f, is not

identically zero the function A, is of such character that the series

0
Ze—h\.’.m

n=1

converges for every positive number 7;

(5) in case Ay, Is the only function of the set \;,,j = 1,2, ---, ¢, which is
not identically zero then \,, either has the property named in (4) or arg A,
is a constant.

We shall denote the value of the limits in (2) by 6;,j=1,2, ---, ¢, so
that we have

0; = lim arg \j, (j=1,2,---,1).

n=o

Now let 2y be a va]ue of x such that D (zy) converges and consider what
conditions may be placed on z; so that D (x;) shall certainly converge. Em-

* Compare the special case A (z) of D (z) introduced at the beginning of § 6.

t The series commonly known as the generalized Dirichlet series is that special case of
the series D () in (11) for which { = 1 and \i» is real. I have not been able to find a dis-
cussion of the more general series D () defined in the text.

1 The properties of these generalized Dirichlet series are here developed only so far as
they are needed in deriving the properties of the series @ (x). It is clear that the theory is
readily capable of further extension. Moreover, the generalization might be carried further
in the direction indicated by the present treatment and yet the essential elegance of the funda-
mental theorems be retained. But our purpose here is to employ these series merely as a
tool for investigating the properties of the series @ (z) and @ (z); and the treatment is re-
stricted accordingly.
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ploying Lemma I and proceeding as in the case of the corresponding problem
for the series @ (z) we see that D (a;) will converge provided that

(12) z_:l Iwn+l - wnl ’

converges, where w, has the value

Wy = M@ =20+ hon(@rP =2+ - +Aenl@rf—20")

Now, let us write 'A\gu = |Asu|€®. Then, by hypothesis, 6,,» approaches
the finite value 6, as n increases indefinitely. If we suppose that 2, is subject
to the condition
(13) Rie™ (2} — )} <0

it is clear that a positive constant 7 and a positive integer N exist such that
|wa| < €Al

when 7 is greater than N. From this and properties (4) and (5) of A, it
follows that (12) certainly converges unless every function\ju,j = 1,2, ---,¢,
except Aq, is identically equal to zero and A, is of constant modulus ;. For
this latter case the convergence of (12) may be shown in a different way.

We now have
Wnt1 — Wp = e — eAan

where .
M= |Aen]| and T=e%(x! —x}).
Hence
1 An+l
Wnt1 — Wp = _f e du;
T An
so that

An+1
[Way1 — wa| = T}:Tf e du.
An

The series of which the nth term is the second member of this relation is
obviously convergent since R(7) < 0 on account of the condition on x;
expressed in (13). Therefore, the series in (12) is convergent, as was to be
proved.

From our lemma it follows now that D (z;) converges provided that x,
satisfies inequality (13). This result may obviously be used as Theorem I
was employed in § 2 in the proof of Theorem II and with a corresponding result.
Thus we are led to the following theorem:

THEOREM V1. If D (o) converges then D (x1) will converge if

R(ea}) < R(e™z}).

There exists a unique real number N such that the region of convergence of the
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series D (x) is bounded by the curve* R (e'® x) = N\ and lies on that side of
this curve for which R (e 2*) < \.

Corresponding to Theorems IV and V of the preceding section, we have the
following theorem which is readily proved:

TuaeoreM VII. If D (zy) converges absolutely then D (x,) will converge
absolutely f

R(e"2)) < R(e*x)).
There exists a unique real number u such that the region of absolute convergence
of D(x) s bounded by the curve R (e'* 2*) = u and lies on that side of this
curve for which R (e'* x*) < u.

The question as to convergence of D (z) for points on the boundary curves
of convergence can be answered (except at a finite number of points), in a
large range of cases, in terms of the properties of the functions \;»,j =1, 2,
.-+, t; but we have no present use for these results and consequently they
will not be stated.

Employing Lemma II and proceeding by a method in all respects similar
to that used in the proof of Theorem III one may demonstrate the following
theorem:

TaEOREM VIII. The series D (x) converges uniformly in any closed domain
S lying within its region of convergence.

Consequently, the sum of the series is a function which is analytic within
the region of convergence of the series.

We shall now prove the following theorem:

THEOREM IX. The boundary curve of the region of convergence [absolute
convergence] is the same for the two series D (x) and D, (), where

L
Dy(z) = 2 cq .
n=1

It should be observed that the theorem says nothing about convergence
on the boundary of the region of convergence [absolute convergence].

If D(xz) and D, (2) are not identical then at least two of the functions
Mn, *°, A in (11) are not identically zero. Hence, so far as there is any-
thing in the theorem to be proved, we have a \,, possessing property (4).
The proof of the theorem falls into two parts.

1. Let Z be any point in the interior of the region of convergence of D ().
We shall show that Z is likewise in the interior of the region of convergence of
D, ().

If R(e'® 2*) = \ is the boundary of the region of convergence of D (z),
then R (e'* #) < \. It is obvious thence that numbers x, and x; exist such
that

* This curve is a straight line only if s = 1.
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(14) R(e #*) < R(e™2x}) < R(e*x)) <.

Then z, and 2, are points of convergence of D (z). If we apply Lemma I,
taking for u, and v, the values

— + oot AgnZot — pAm2—(A; + oot A,
Un —c,,e)""z" MO’ Vn = g™ 10 %0 Mz(f)’

we see that D, (21) converges if Y |v, — v.41| converges. That the latter
series converges follows at once from the fact that A, possesses property (4)
and that a positive number 7 and a positive integer N exist such that

[vn] < e 2min,

when 7 is greater than N. From the convergence of D, (x,), the relation
between z; and % in (14), and Theorem VI as applied to D, (z;), it follows
that Z is in the interior of the region of convergence of D, (x).

2. If we suppose next that Z is a point in the interior of the region of con-
vergence of D, (x) it may be shown that it is likewise in the interior of the
region of convergence of D (z). For this it is obviously sufficient to apply
Lemma I in the same way as in the preceding case, taking for u, and v, the

values
Un = Cpn eAMZO" Uy = e}q,.l]*l-...‘f‘Am’tﬂ-AmZo"

where x and z, satisfy relation (14), the curve R (e'*2*) = \ being now
the boundary of the region of convergence of D, ().

From the conclusions of the two preceding paragraphs we see that The-
orem IX is true in so far as it relates to the region of convergence. The
part relating to the region of absolute convergence may be proved in the same
way; or it may be proved more directly by a term-by-term comparison of the
absolutely convergent series D (xy) and D, (2;) in the first case and D (@)
and D, (xp) in the second case, zo and x; being connected with an interior
point # of absolute convergence by a relation of the form (14), the curve
R (e #) = X\ being now the boundary of the region of absolute convergence.

In the next section we shall have use also for the following somewhat special
theorem:

THEOREM X. Let N\ be separated info two parts pem and ., tn such a way
that Nan = Psn + Tsn and
(15) lim%’f =0, lim arg pe exists and is finite.

n=o0 Msn n=oo
Then the boundary curve of the region of convergence [absolute comvergence] is
the same for the series D, (x) and D, (x), where

Z_)a (x) = ch epmx"
n=1

provided that N, has the property (4) .
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We observe that the series D, (z) is obviously a special case of the series
D(x).

The proof of the theorem falls into two parts.

1. Let Z be any point in the interior of the region of convergence of D, ().
We shall show that % is likewise in the interior of the region of convergence
of 53( z).

If R(e®a*) = \ is the boundary of the region of convergence of D, (z),
then R(e**#) <\. It is thence obvious that numbers z, and z; exist
such that relation (14) is satisfied. Then o and «; are points of convergence
of D, (z). If we apply Lemma I, taking for u, and v, the values

U = Cp 3’\.:"0" Uy = eﬂmzl'_)\mzo' = eAm(Il'—-"o‘)—val”

we see that D, (z,) converges if 3 |v,41 — 2,| converges. That the latter
series converges follows readily from relation (14), the second form of the
value of »,, and the fact that \,, has the property (4).

From the convergence of D, (z,), the relation between z; and Z in (14),
and Theorem VI as applied to the series D, (z), it follows that & is in the
interior of the region of convergence of D,(z).

2. If # is any point in the interior of the region of convergence of D, (x)
then it may be shown by a method similar to that employed in the previous
case that z is likewise in the interior of the region of convergence of D, ().

Thus we have established the part of the theorem which refers to the region
of convergence. That referring to the region of absolute convergence may
readily be established by the method indicated for the corresponding part of
the preceding theorem.

6. DETERMINATION OF THE REGIONS OF CONVERGENCE OF THE SERIES ()
AND Q(2) IN TERMS OF THEIR COEFFICIENTS

Since the series 2 (z) and @ (z) have the same region of convergence and
the same region of absolute convergence we shall confine our attention to
one of them alone, namely, 2 (), in investigating the problem of the deter-
mination of the boundary lines of the regions of convergence and absolute
convergence in terms of the coefficients c, .

An instance A(z) of the series D (z) is intimately related to the series
Q(z) and is a useful auxiliary in the solution of the problem treated in this
section. It may be defined by the relation

(16) A(z) = Z e’ P log ntgu(z)—0w
n=1

where o, has the value
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17) 0n = von log n + Bon

and p.(x), g. (), von, and Po. are the functions denoted by these symbols
in § 2. It is easy to see that A (x) is that special case of D () in which ¢,
is replaced by ¢, ¢~ and the relation

MaZ F A+ oo F ANm2t = pa(x) logn + gu(2) — 0

is satisfied identically in z for every value of n. The last relation determines
a set of functions A1, -, A, satisfying the conditions imposed at the be-
ginning of § 5.

The following theorem states an important relation between € (z) and
A(zx):

TueoreM XI. Let xo be a non-exceptional point for Q(x). Then if either
of the series Q(x), A(x) converges [converges absolutely] for x = xo the other
Likewise converges [converges absolutely).

The part of the theorem relating to absolute convergence is obvious in
view of the asymptotic relation (7). It remains therefore to prove only the
part relating to convergence.

Suppose first that @ (x9) converges. Put

e"“""’ 10g 7 +gn(%o)

Un = Ca g (X0 + 1), vn—m)—.

Then from Lemma I it follows that A (z,) converges provided that the series
> |a41 — va| converges. But the convergence of the latter is obvious, since
in view of (7) v, is asymptotic with respect to n to an expression proceding in
negative integral powers of n. Hence A (z,) converges.

If we suppose that A (xy) converges we may prove in a similar way that
Q (x) also converges.

Thus Theorem XI is established.

By means of the foregoing theorem we may readily determine the boundary
lines of the regions of convergence and absolute convergence of the series
Q(z). For the discussion we make a separation into two cases according as
Ezmork <m.

Suppose first that k = m. From Theorems XI and IX it follows that the
boundary line of the region of convergence [absolute convergence] of Q(z)
is the same as that of A (z) and hence the same as that of the series

i C, €°" eWin 108 n+Bintyinle
n=1
From Theorem X it follows that the boundary of the region of convergence

[absolute convergence] of the latter series, and hence of Q(z), is the same as
that of the series
Trans, Am. Math. Soc. 15
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(18) i cn e el log nXur)
n=1

In case £ < m (and hence m = 2) it may be shown similarly that the
boundary of the region of convergence [absolute convergence] of Q(z) is the
same as that of the series
(19) PITNTLY et C U

n=1

Let X and u denote the abscisse of convergence and absolute convergence

respectively of the Dirichlet series

(20) 2 bae™,
n=1

where Ay <A <A3 < --- and N, approaches infinity as n increases indefi-
nitely. Then for the values of A\ and u we have*

X\ = lim sup M ,
¢=o g

p = lim sup log 2.¢ b, Z; 6] )
=0

where £ denotes a continuously increasing variable and >, 8, stands for the
sum of all 8, whose suffix v satisfies the relation

E(t) =N <E,

E (¢) denoting the greatest integer not greater than £. (If no suffix » satis-
fies this relation then . 8, has the value zero.)

Now (18) and (19) are special cases of (20) in which z is replaced by — u; x
in the first instance and by — o, z in the second instance. The boundary of
the region of convergence [absolute convergence] of (20) is

R(z) = N[R () = &l.

As in the earlier part of this paper we denote the boundary of the region of
‘Thesevaluesforiandﬁaredu_etoT. Kojima, Tohoku Mathematical Jour-
nal, vol. 6 (1914): 134-139. If A is not negative [not positive] we also have

n
S b

v=I

]
log| 3 bVl ]
_lv=n_ |
A

n

log
\ = lim sup
n=00n

[X = lim sup
n n=00
and corresponding formule for i. The first of the above formule for X is due to Cahen
(Annales de 1’Ecole Normale Supériédure, ser. 3, vol. 11 (1894): 88-91)
and the second to Schnee (Géttinger Nachrichten, 1910, pp. 1-42). They may
be used to obtain formule alternative to those in Theorem XII, but less satisfactory on the
whole.
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convergence [absolute convergence] of 2(z), and hence of (18) or (19), by
R(ox) = N[R(ox) = u] where ¢ = ur or ¢ = a, according as k = m or
k <m. Hence by comparing (18)-and (19) with (20) and making use of
the relation (as to the boundary of the region of convergence [absolute con-
vergence]) between Q(z) on the one hand and (18) and (19) on the other
hand, we see that the convergence [absolute convergence] number for Q (z) is

@) A= —lim sup“’g_l_zf_”_"ii[,, o im SUPM]

f=w 3 e £
where ) _; B, stands for the sum of all B, whose suffix » satisfies the condition
(22) E(f)=k*tllogv <t or E(§) =mml<E,

according as k =m or k <m. (When no suffix » satisfies the given con-
dition Y 8, has the value 0.)

We shall now show that a suitable simplification of the foregoing values for
X and u leads to the following theorem:

TaeorEM XII. Let N[u] denote the comvergence |absolute comvergence]
number for the series R (x) or () so that the boundary of the region of con-
vergence [absolute comvergence] of this sertes 18 R(ox) = N[R(ox) = u],
where o 18 o 0Or ux according as m 18 or 13 not greater than k. Then*

(@) incasek =1 and m = 0 or 1 we have

A = — lim sup
¢=w

where ) _; B, stands for the sum of all B, whose suffix v satisfies the relation

e =y < of;

u = — lim sup
f=w

log |2 ¢ ¢, e”| log 2o¢|c, e
é ’ £ b

(b) in case k > 1 and k = m we have
. log |c, e°7|
A=p=- Imyx=swup kv*'log v’
(¢) in case k < m we have
. log |c, €|
AN=up=— hnvliup e

The conclusion in case (a) is obtained from (21) in an obvious manner.

In case (b) the relation between » and £ in ) B, is determined by the first
continued inequality in (22). For a given ¢ sufficiently large it is clear that
this relation is satisfied by not more than one value of v. Hence N and
are equal, so that we may confine attention to X alone. Moreover, it is clear
that the first superior limit in (21) will be obtained if £ is allowed to approach

* Note the alternative form of this theorem indicated in the corollary below. See also the
preceding footnote.
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infinity over those values alone for which a corresponding value of » exists
satisfying the first continued inequality in (22). But for such a value of £ we
may obviously replace £ by kv*! log »,.where » has the value corresponding
to £ in virtue of (22), without changing the value of the superior limit in con-
sideration. Hence we are led to the conclusion stated in (b) of the theorem.

The conclusion in case (¢) may be proved in the same way as that in case (b)
was established.

From equations (7), (8), and (17) it follows that

{23) g(n) ~esa (1),

the asymptotic relation being valid with respect to n increasing towards + .
Hence we are led at once to the following corollary of Theorem XII, at least
so far as cases (b) and (¢) are concerned:

CoROLLARY. In the conclusion of Theorem XII the quantity e°» (wherever
4t occurs) may be replaced by g (v) without destroying the truth of the statements
made.

An almost immediate proof of the theorem of this corollary may also be
obtained by comparing the series

2cng(n)eng(z +mn)
with the series @ (z). By means of Lemma I and relation (23) one proves
readily that the two series have the same non-exceptional points of con-
vergence. B
Let us consider the instance of the series @ () in which g(2) = ¢*. Then

c=1and o, = n’. If we replace c, € by a, we may write this instance
of @ () in the form

> ane= .

n=0
Replacing ¢* by z we have an ordinary ascending power series in z. Applying
conclusion (¢) of Theorem XII we find the Cauchy-Hadamard expression

lim sup V|a,|
V=00

for the reciprocal of the radius of convergence of the power series in z, so
that our theorem is a generalization of the Cauchy-Hadamard theorem for
the radius of convergence of a power series.

Let us consider a second special instance of the series € (2), namely, that
obtained by putting g (z) = 1/T'(z). If we write (n — 1)!a, for e, the
series takes essentially the form
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i (n—1)!a, )
ez + 1) (2 +2)---(2+n—1)

From case (a) of Theorem XII, as modified by the corollary, we see that the
abscissa A [u] of convergence [absolute convergence] is given by the relation

g Zec log Tile ],
3

A= — limsup =

= — lim su
P £ I P

¢=ow
v and £ being related as in the theorem.

The strip between the boundary line of convergence and the boundary
line of absolute convergence of the Dirichlet series (20) is known* to have a
width at most equal to

. log »

lmvl:swup N
Applying this fact to series (18) and (19) and remembering their relation to
the series Q@ (z) we have the following theorem:

TreEorREM XIII. The boundary lines of the regions of convergence and
absolute convergence of the series @ (x)[Q ()] coincide unless k = 1 and m = 0
or 1; and in the latter case the width of the region of conditional convergence is at
most 1/R (ux) .

From the theory of Dirichlet series and the relation between Q (x) and series
(18) it follows in the latter case that this strip of conditional convergence
may be non-existent or may have its maximum width or may have an inter-
mediate width, examples of Dirichlet series being readily constructed corre-
sponding to each possibility.

7. FURTHER RELATIONS BETWEEN THE SERIES Q () AND A(2) WHEN k =1
AND m = 0 OrR 1

A particularly important subclass of the series € (z) and @ (z) is obtained
through restricting g () by the condition that k shall be unity and m either
zero or unity; for this subclass contains the important series to which solu-
tions of linear homogeneous difference equations give rise. For this special
subclass the relation between the series @ (x) and A (z) is much deeper than
is indicated by the theorems of § 6, as we shall now show. For this case we
shall denote the series by w(z) and § (2), so that we havet

(24) w(x)=j;c,.g(x+n), 8(x)=gc,.u(x,n),
where

* Landau, Handbuch der Lehre von der Verteilung der Primzahlen, p. 734.
1 Here we take ¢, = 0 as a matter of convenience.



228 R. D. CARMICHAEL : [July
u (x’ n) = protmzin) 8¢o+mz+8(z+n)’

B having the value a; or 0 according as m =1 or m = 0. For g(x + n)
we have with respect to n the asymptotic relation

hl(:c) hz(x)
+T+T+”‘>’

gz +n) ~u(zx, n)(l
the functions hy(z), hs(x), --- being polynomials in x which are inde-
pendent of n.

Let us write

gz +mn) _
u(x,n)

h k; M
14 1(x) - fflf)+ ,7(:;17»)’

where 7 is a positive integer. Then M, (z, n) approaches a finite value when
2 is held fixed and n approaches infinity. Thence we have

w(x) —06(z) — h(x)01 () — -+ — kb (2)0, ()
(25) ®
= XM (2, ) u(z, ),
where
o (z) = Z_:cn ntu(z,n) = e OIS (2 — /) (3=1,2, -, 7).

Now, let A denote the common convergence number of w(z) and & (z).
Then A + ¢ is the convergence number for the series 8;(x). TFurthermore,
it is easy to see also through aid of Theorem XIII that the absolute con-
vergence number, and hence the convergence number, of the series in the second
member of (25) is not less than X\ + 7.

With these results in hand let us consider further the character of the func-
tions w (z) and 8 (x) which are defined in an appropriate half-plane by the
series w (z) and & (x) respectively. Let xy be any point such that 8 (x) is
analytic at the points

1 2 3
2 — — — T
(26) T
Then the functions §;(z), ¢ =1, 2, 3, ---, are analytic at the point z,.

Moreover, only a finite number of the points (26) fail to lie within the common
region of convergence of the series w(z) and 6 (z). From these considera-
tions and relation (25) it follows readily that the functions w(z) and & (z)
are either both regular or both singular at the point o, provided that x, is
non-exceptional for the series w ().

The foregoing results may be gathered into the following theorem:
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TaeoreM XIV. Let w(x) and 8 (x) be functions which are defined in an
appropriate half-plane by the series in (24). If & (x) 3 analytic at each of the
points (26) and no one of these points 13 exceptional for the series w(z), then
the functions w () and 6 () are both regular or both singular at the point x = x,.

By means of the last theorem we may readily prove the following:

TaeorEM XV. If the numbers

Cn nuoﬁu» eBn s

with the exception at most of a finite number of them, are real and non-negative
and if the convergence number N of the series w () 13 finite, then the function
o () defined by this series has a singularity at the point & = \/uy on the boundary
line of convergence, provided that this point is non-exceptional for the series w ().

The truth of this theorem is an immediate consequence of Theorem XIV
and the well-known fact (see Landau’s Handbuch, 1. c., p. 880) that the
function 6 (x) defined by the Dirichlet series in (24) has a singularity at
xr = X/ M1 .

From the corresponding property of the Dirichlet series § () it follows that
the boundary line of convergence of the series w(x) does not always pass
through a singular point of the function w () defined by the series.

8. ON THE UNIQUENESS OF EXPANSIONS IN SERIES Q(a2) AND Q(z)

In order that series of a given type shall afford a convenient tool for in-
vestigating the properties of functions representable in terms of them it is
necessary that a given function shall have not more than one expansion in
series of a specified form in that type, the form being sufficiently restricted.
That the series 2(z) and Q(z), for a given function g (z), do not always
possess this desirable property is shown by the special case in which

g(z) =T (=).

If in the series @ (z), for this special case, we replace x by — z the series takes
the form

7o+§%z(z—1) cos (2= m).

Pincherle* has shown that a series of this form may represent 0 without
having all its coefficients equal to zero and that when a function admits an
expansion in a series of such form it admits an infinity of such expansions.
The object of this section is to exhibit an extensive subclass of each of the
series ©(z) and ©(z) in which the uniqueness expansion theorem is valid

*Atti della Reale Accademia dei Lincei, Rendiconti, ser. 5’
vol. 11, pp. 417-426.
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in such wise that no function has more than one expansion in a series Q ()
or a series Q () for a given function g (z) of the type through which these
subclasses arise.

As before we employ o to denote o, or ux according as m is or is not greater
than k. We have seen that the points in the interior of the region of con-
vergence of a series @ () or a series @ () are all the points z satisfying the
condition R (ox) < N\ where \ is an appropriately determined constant. If
the real part of ¢ is negative and z is any fixed number then it is clear that
only a finite number (at most) of the points x, @ + 1, « + 2, --- fail to lie
within the region of convergence of the series; but if R(¢) is positive an
infinite number of these points lie outside of the region ot convergence. More-
over, if R (o) is negative it is clear that g (x + n) approaches zero as n in-
creases indefinitely. These considerations taken in connection with the form
of @(z) and € (z) direct attention to the case in which R (o) is negative.
We shall now show that the desired uniqueness theorem is true in case this
condition is satisfied.

As a preliminary to this end let us consider the positive real-valued func-
tion & (u) of the real variable u defined by the relation

h (u) = P ea(w) s
where

p(u) =vo+rmu+rvut+ - + v uf,
q(u) = Bo+ Bru+ B+ -+ + Bnum,

the constants » and 8 having the values

n=Rw), =01,k f=R(a), j=0,1,-,m.

Since R (o) is negative we have »; negative or (. negative according as

E=mor k <m. Thence it is easy to see that the ratio h(u + 1)/h(u)

constantly decreases as u increases, provided at least that u is sufficiently large.
Now, let us suppose that a given function f (z) has the expansions

f(e) =Xeg(z+n) = Ldug(z+n),
both expansions being valid for R (oxz) less than some number \;. We

shall show that ¢, = d, for every value of n. For this purpose it is obviously
sufficient to show that if the relation

(28) Svag(z+n) =0
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is valid for every non-exceptional value of x for which R (sz) < \; then
v0=0=1v; =92 = ---. From equation (28) and the asymptotic char-
acter of the function g («) and the relation between g () and k(u) we see
that

ol = 35 ] | 220

hu+1)&, h(u+n)
o) | <M Ry & h D)

h(u) = h(u+1)’°

M being an appropriately determined constant. That the series in the last
member of this relation converges when u is sufficiently large follows at once
from the fact that its absolute convergence number is the same as that of
the series A () associated with the series Q (z) in equation (28). We shall
show that the sum of this series is bounded as » increases. It may be written
in the form

il lh(u+2) h(u+3) . h(u+n)
"Th(u4+1) h(u+2) "R(u+n—1)"

Now, when u is sufficiently large each of the fractions h (v +4 + 1)/k(u + 1)
decreases as u increases; and hence the sum of this series does not increase
indefinitely as u increases. Therefore from (28) we have a relation of the
form
h (u +1 )

h(u)
where M is a constant. Letting u increase indefinitely we see from this that

vo = 0. If in (28) we replace 7o by 0 and = by * — 1 we may proceed as
before to prove that v, = 0. Likewise we have in order

| o]<M

72=O='Y3='Y4=- L

Thus we are led to the following theorem:

TreoREM XVI. Let o denote oy or uy according as m is or is not greater
than k. Let g(x) be a function for which R (o) ts negative. Then a given
function f(x) has not more than one expansion in a series Q(x) or a series
Q (z) for this given function g ().

In case a given function f (z) has an expansion in the form

@) = Xeg(z+n)

and R (o) is negative, the coefficients ¢o, ¢, - -+ may readily be determined
by means of the properties of the function f(z) itself. In fact, in view of
the argument by means of which the foregoing theorem was proved it is easy
to see that we have
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. f(n)
o=
_ o f(n) —cog(n)
ST GED
cs = limf(n) —cog(‘n)—clg(n+1)

n=+w g(n+2) ’

In case a given function f (z) has an expansion in the form of a series Q(z)
and R (o) is negative, the coefficients in the expansion may obviously be
determined in a similar manner.

UNIVERSITY OF Inuﬁoxs,
October, 1915




